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Noninvasive In Vivo
Determination of Residual
Strains and Stresses
Vascular growth and remodeling during embryonic development are associated with
blood flow and pressure induced stress distribution, in which residual strains and stresses
play a central role. Residual strains are typically measured by performing in vitro tests
on the excised vascular tissue. In this paper, we investigated the possibility of estimating
residual strains and stresses using physiological pressure–radius data obtained through
in vivo noninvasive measurement techniques, such as optical coherence tomography or
ultrasound modalities. This analytical approach first tested with in vitro results using
experimental data sets for three different arteries such as rabbit carotid artery, rabbit
thoracic artery, and human carotid artery based on Fung’s pseudostrain energy function
and Delfino’s exponential strain energy function (SEF). We also examined residual
strains and stresses in the human swine iliac artery using the in vivo experimental ultra-
sound data sets corresponding to the systolic-to-diastolic region only. This allowed com-
putation of the in vivo residual stress information for loading and unloading states
separately. Residual strain parameters as well as the material parameters were success-
fully computed with high accuracy, where the relative errors are introduced in the range
of 0–7.5%. Corresponding residual stress distributions demonstrated global errors all in
acceptable ranges. A slight discrepancy was observed in the computed reduced axial
force. Results of computations performed based on in vivo experimental data obtained
from loading and unloading states of the artery exhibited alterations in material proper-
ties and residual strain parameters as well. Emerging noninvasive measurement techni-
ques combined with the present analytical approach can be used to estimate residual
strains and stresses in vascular tissues as a precursor for growth estimates. This
approach is also validated with a finite element model of a general two-layered artery,
where the material remodeling states and residual strain generation are investigated.
[DOI: 10.1115/1.4030071]

1 Introduction

Residual stresses play a central role in cardiovascular soft tissue
mechanics as they influence the observed in vivo material
response significantly and hypothesized to be an essential factor
for the healthy physiology of the vascular lumen and matrix main-
tenance [1]. Residual stresses exist in both arteries and veins, even
when all external loadings are removed. They are generated due
to deformations known as residual strains within the tissue wall
associated with kinematic compatibility constrains as well as vas-
cular growth and remodeling such as new matrix synthesis or
smooth muscle activation.

Numerous studies emphasized the structural function of the
residual strains [2,3]. Particularly, residual strains pose a well-
known ability to homogenize the stress distribution in the arterial
wall thus optimizes the load bearing capability. In addition, they
can also make arteries more compliant by providing a nonlinear
elastic nature to address with high pressure levels and exhibit
more effective local control over the arterial diameter by means of
smooth muscle cell activation [4]. Therefore, residual stresses are
essential for the physiological vascular control or can act as a
structural optimization agent that can be preferred over vascular
remodeling, which requires more expensive matrix synthesis.

While there exist a variety of noninvasive techniques to mea-
sure residual stresses that are amiable to industrial applications
[5,6], for biomedical applications residual stresses are measured

through in vitro experiments of excised vessel specimens, where
geometric constraints are removed sequentially through invasive
directional vessel cuts. This well-established experimental tech-
nique is pioneered by Chuong and Fung, who conducted in vitro
experiments [7] and determined the residual strains in a rabbit
thoracic artery at its unloaded state by measuring the effective
angle, inner radius, and outer radius in zero-stress configuration
and inner radius in unloaded state [8]. Another approach, pro-
posed by Takamizawa and Hayashi, was that circumferential
strain is assumed to be constant through the dog carotid artery ar-
terial wall cross section under physiological loading condition, so
that the computed circumferential stress distribution was almost
uniform [9]. Through this assumption, the existence of residual
strains and stresses within the wall became evident. Several subse-
quent investigations confirmed the existence of residual strains in
different arteries, besides in other cylindrically shaped soft tissues
such as the left ventricle [10–12], veins [13,14], trachea [15],
brain [16], and embryonic ventricle [17]. Thus far, no one consid-
ered the significance of the axial prestretch. Later, Alford and
Taber [18] showed that arteries with delayed elastin production
grow longer than arteries in which elastin is produced early in
development and in the presence of axial growth, the stretch has
no effect on the opening angle (i.e., effective angle). In contrast, if
axial growth does not occur, then the opening angle depends
strongly on the in vivo axial prestretch. Soon after, Wang and
Gleason described the use of longitudinal opening angle, since
based on their conclusion the radial cut of the arterial ring seg-
ment cannot describe the zero-stress reference configuration of
arteries [19].

1Corresponding author.
Manuscript received November 6, 2014; final manuscript received March 6,

2015; published online April 15, 2015. Assoc. Editor: Thao (Vicky) Nguyen.

Journal of Biomechanical Engineering JUNE 2015, Vol. 137 / 061011-1Copyright VC 2015 by ASME

Downloaded From: http://biomechanical.asmedigitalcollection.asme.org/ on 11/28/2016 Terms of Use: http://www.asme.org/about-asme/terms-of-use



The material properties of vascular soft tissues are remodeled
in vivo due to physiological, genetic, mechanical, and environ-
mental factors [20]. For example, embryonic tissue becomes less
compliant with age due to collagen synthesis. Likewise, smoking
and high blood pressure make blood vessels to become stiffer but
at a different timescale. While it is not straightforward to differen-
tiate residual stresses from material properties, it is hypothesized
that residual stresses should also change dramatically during vas-
cular remodeling and embryonic vascular growth, similar to the
material properties. To extract this important parameter, a nonin-
vasive experimental methodology is developed to track and quan-
tify the in vivo residual stress levels in the vascular tissue.
Therefore in this paper, we present an analytical approach to esti-
mate the vascular residual stresses in vivo at cylindrical vessels
through noninvasive measurements of pressure and vessel
geometry.

The present paper is organized as follows: In Sec. 2 constitu-
tional relations, numerical approximation, finite element model,
and various test cases are presented, followed by the key aspects
of the present computational algorithm. In Sec. 3, first the effects
of increase in experimental data points, addition of Gaussian noise
to the data set obtained from the diastolic–systolic pressure range
and choice of different SEF are examined for in vitro validation of
material parameters and residual strain parameters and the resid-
ual stress distribution computed for each artery is compared with
corresponding the result based on in vitro tests. In the second part,
material parameters, residual strain parameters, and corresponding
residual stress distribution are computed for swine iliac artery
based on in vivo experimental data. In Sec. 4, we analyze the
predictive capability and limitations of present mathematical
approach by discussing computed results and its possible future
application on the embryonic chick vessel. In Sec. 5, we also
discuss the advantages of present noninvasive technique on the
prediction of pediatric vessel growth over invasive classical exper-
imental methods.

2 Methods

A general formulation is proposed to determine the effective
angle and the effective radii in stress-free state, unloaded inner
radius, and in vivo axial prestretch in order to estimate residual
strains and stresses from standard noninvasive measurement
techniques. This approach also allowed the prediction of vascular
material properties with reasonable accuracy. For brevity, the

methodology is illustrated here using the stain energy formulation
but it can be easily formulated for more complex multistructural
material models [21–23].

2.1 Representation of the Vascular Loading States. In
Fig. 1, 3D axisymmetric vessel wall is presented at its key loading
states. The vascular lumen is treated as a cylindrical tube assum-
ing that it has homogeneous material properties through the wall
and it is cylindrically orthotropic. Another assumption is that the
vessel wall should become an open sector with constant curvature
after removing residual stresses from unloaded state(0). We also
assumed that the vessel length does not change during the trans-
formation from stress-free state to unloaded state(0). Additionally,
the axial prestretch is taken into account while transforming the
unloaded state(0) into unloaded state(1). Subsequent loaded states
are defined as state 2, 3, …, N. Coordinates of material points in
described states are (R, H, Z), (r(0), h(0), Z), (r(1), h(0), z), and (r(k),
h(k), z) for k ¼ 2, 3, …, N, respectively. Similarly, backward
subsequent unloading states for k¼N, N� 1, …, 2 are required to
represent viscoelastic nature of soft tissues as the variation in
mechanical and material properties due to the previous corre-
sponding effects of loading states. Subscripts i and o denote the
inner and outer wall radii at various states, and H0 represents half
of the angle of open sector at stress the stress-free configuration.

In addition to the Fung’s representation of states of artery [8] in
the present formulation, an intermediate unloaded state(1) is
included. This new intermediate loading state corresponds to the
case with zero intramural pressure, but with the in vivo axial pre-
stretch. After cutting the vessel axially, it is shortened and its radii
are changed. Finally, making radial cut releases all residual
stresses and cylindrical tube becomes an open sector with the
same length but with altered radii.

2.2 Constitutive Relations. The finite theory of plane strain
deformation leads the following description for the residual
circumferential and radial stretch ratios for homogeneous and
cylindrically orthotropic arterial wall [8]:

kh ¼
pr

H0R
; kr ¼

1

khkz
; H0 ¼ p� a

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

i þ
H0

p
R2 � R2

i

� �r
; Ri � R � Ro

(1)

Fig. 1 General geometrical representation of 3D vessel wall in zero-stress reference state,
unloaded state(0), unloaded state(1), and subsequent loaded states under transmural pres-
sure and axial forces
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where h and a are the effective angle and the opening angle,
respectively. r and R are the radii of an arbitrary point, and ri and
Ri the inner radii in the unloaded and stress-free state, respec-
tively. Ro is the outer radius in the stress-free configuration.

It is assumed that the deformation in the longitudinal direction
occurs only during the transformation from unloaded state(0)

into unloaded state(1), rather than from zero-stress state into
unloaded state(0) does not occur, the corresponding residual Green
strains are

Eh ¼
1

2
k2

h � 1
� �

; Er ¼
1

2
k2

r � 1
� �

; Ez ¼
1

2
k2

z � 1
� �

(2)

In the present paper, we selected and tested two classical SEFs,
Fung’s exponential pseudostrain energy function [24] and
Delfino’s exponential SEF [25], to verify and illustrate our mathe-
matical approach.

Fung’s exponential pseudostrain energy function is given by

q0W ¼ c

2
eQ (3)

where

Q ¼ b1E2
h þ b2E2

z þ b3E2
r þ 2b4EhEz þ 2b5EzEr þ 2b6ErEh (4)

Since the arterial wall is assumed to be an incompressible, SEF is
modified by adding a Lagrangian multiplier to handle the incom-
pressibility condition explicitly. This condition can be released if
needed but kept here for simplicity. After defining the transforma-
tion from the reference state to the deformed state in terms of the
coordinates Xa and xi in the undeformed and deformed states,
respectively, Cauchy stress components are obtained as

rij ¼
q
q0

@xj

@Xa

@xi

@Xb

@

@Eba
q0W�; i; j; a; b ¼ r; h; zð Þ (5)

where q and q0 correspond to the densities of material in the
deformed and undeformed states, respectively, and q0W* is the
modified SEF.

For the Delfino’s exponential SEF,

�W ¼ a

b
exp

b

2
�I1 � 3ð Þ � 1

� �� �
(6)

Cauchy stress tensor due to isochoric effect is given by

�r ¼ 2 �W1dev�b (7)

where �W1 ¼ @ �W=@�I1 and �b are the modified left Cauchy–Green
tensor and the operator, and the operator dev �ð Þ is defined by

dev �ð Þ ¼ �ð Þ � 1

3
�ð Þ : I½ �I (8)

Note that for nearly incompressible material J � 1.
Finally, the pressure integral equation is obtained substituting

the circumferential and radial Cauchy stress components into the
radial equilibrium equation, and integrating in terms of radii from
the undeformed configuration

pi ¼
ðRo

Ri

c½ 1þ 2Ehð Þ b1Eh þ b4Ez þ b6Erð Þ � 1þ 2Erð Þ

� b6Eh þ b5Ez þ b3Erð Þ�eQ R

R2 � R2
i þ

180kzr
2
i

H0

dR (9)

Since the measurement of axial force requires invasive techniques,
the axial force equilibrium is not taken into account explicitly.

2.3 Numerical Integration Framework. Gauss quadrature
formula for a general case is given by

ðb

a

f xð Þdx � b� a

2

Xn

i¼1

wif
b� a

2
xi þ

aþ b

2

	 

(10)

where a and b are the lower and upper bounds of the integral,
respectively, n is the number of (nodes) the roots, and xi is the ith
root of the nth order Legendre polynomials; its weight wi is
given by

wi ¼
2

1� x2
i

� �
P0n xið Þ
� �2 (11)

For present problem, radium equilibrium equation is written in
its compact form, in terms of circumferential and radial stress
components

pi ¼
ðRo

Ri

rh � rrð Þ R

R2 � R2
i þ 180kzr2

i =H0

dR (12)

Gaussian quadrature formula is given by

pi �
X5

j¼0

wif Rj

� � Rj

R2
j � R2

i þ 180kzr2
i =H0

(13)

Pressure integral function is discretized by using Gaussian Quad-
rature formula, where Rj are quadrature nodes and roots of sixth
order Legendre polynomial L6(R) � P6 in the interval [Ri, Ro]
with degree of exactness “11,” which gives the exact solution
for P11.

Two separate models model are presented based on discretized
pressure function Eq. (13) for each strain energy formulation. For
Fung’s SEF, 10 parameters model (10 PM) is formulated in terms
of seven material parameters and three residual strain parameters,
where in vivo axial prestretch is assumed to be known and 11
parameters model (11 PM) additionally includes the axial pre-
stretch as an unknown. For Delfino’s SEF, 5 parameters model
(5 PM) in terms of two material parameters and three residual
strain parameters and 6 parameters model (6 PM) including the
axial prestretch are introduced.

2.4 Test Cases. This technique is first tested against in vitro
experiments where residual stress is also measured invasively.
Invasive residual stress measurements are compared with present
analytical predictions. Pressure–inner radius curves obtained by
Rachev and Holzapfel for rabbit thoracic artery [4], rabbit carotid
artery, and human carotid artery [22] are digitized to simulate
experimental data sets with various sampling sizes. For instance,
we sampled 10, (9þ 1), 11 (9þ 2), 17, and 33 data points from
the pressure interval of 0–160 mm Hg corresponding to the pres-
sure increments of 20, 10, and 5 mm Hg, respectively. 10 and 11
data points were considered as a minimum experimental data set
conditions for 10 PM and 11 PM, respectively. In general, the
noninvasive in vivo physiological measurements will be limited
to the cardiac cycle loading conditions. To illustrate this effect, 16
experimental data points covering the diastolic–systolic pressure
range (approximately 60–120 mm Hg) are also utilized for the
proposed residual stress prediction technique. In this study, we
applied our technique to three artery types, having significantly
different material properties represented by two different strain
energy formulations. In addition, we studied the effect of
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experimental noise on residual stress estimates. Complete experi-
mental validation matrix is provided in Table 1.

Beyond the in vitro validation, we used in vivo pressure–outer
diameter experimental data set for swine iliac artery [26] to esti-
mate residual strains and stresses based on Fung’s SEF. To give
an insight about in vivo measurement technique of obtaining rele-
vant data sets, in vivo measurements were performed on eight
swine iliac arteries and the mean of pressure–outer diameter data
points was obtained, where the outer diameter of arteries was
measured by using the periarterial dimensional clip-probe imaging
technique during the physiological loading and unloading states,
and intravascular measurements of pulsatile blood pressure were
performed with a pressure transducer.

2.5 Notes on the Computational Algorithm. A standard
nonlinear least-squares curve fitting is implemented for each
experimental data set with the objective function of discretized
pressure function, using the trust-region-reflective algorithm for
constrained optimization problem. In order to guarantee the con-
vergence to physical local minima, it is essential to choose an
appropriate physical interval for each variable. For example, by
its definition material parameters appearing in both SEFs must be

positive real numbers, the effective angle H0 is defined in the
interval 0–180 deg, the axial prestretch kz is searched in the inter-
val 1.0–2.0, and the effective radii are expected to be greater than
the radii corresponding to the minimal in vivo pressure value of
60 mm Hg for each in vitro case, 123 mm Hg for swine iliac
artery, and less than twice of these values.

2.6 Finite Element Model of Residual Stress Generation.
The three-dimensional finite element model of a circular artery is
developed using ADINA (ADINA R&D, Inc., Watertown, MA) for
further validation of the proposed formulation. The loading states
in Fig. 1 including material remodeling are simulated sequentially
using wires to achieve vessel closure from stress-free states.
Snapshots from this model are plotted in Fig. 2 with boundary
wire elements closing open ends to achieve residual stress genera-
tion in Fig. 2(b). The artery geometry is specified as a thick-
walled cylindrical tube subjected to external loading with 120
hexahedral elements as shown in Fig. 2(d). Existence of compati-
bility conditions between each of the loading state is verified. The
arterial wall is modeled as a two-layer (media and adventitia)
incompressible hyperelastic fiber orientation model [22]. Each
layer of the artery is modeled as a cylindrical orthotropic fiber-

Fig. 2 The two-layer microstructure finite element model of residual stress generation. Series of vessel
cross sections representing: (a) the stress-free open configuration of the baseline rabbit carotid artery hav-
ing an effective angle of 100 deg, (b) midvessel closure toward the fully closed unloaded state achieved by
thrust elements pulling the open ends, (c) unloaded state(0), (d) unloaded state(1) with prestretch—only
mesh shown, and (e) the loaded state(2)—section of vessel is shown. Material properties are then altered
representing the vascular remodeling by (f) the remodeled loaded state(3) and its corresponding (g) remod-
eled unloaded configuration and (h) remodeled stress-free state resulting in an effective angle of 90 deg.
Color and legends correspond to the magnitude of Cauchy stress distributions (mm Hg). Legend in (f) cor-
responds to vessel cross sections in (e) and (f), while legend in (b) corresponds to all other states.

Table 1 Experimental data sets with known residual stress and material properties where the
present analytical approach is tested. The effect of more resolved experimental data sets is
simulated by increased experimental data points obtained through higher-order digitizing pro-
cedure. Likewise, synthetic experimental error is included to verify the robustness of present
approach. A large range of arterial material properties for rabbit carotid and thoracic artery as
well as human carotid artery is tested subject to two different strain energy formulations. The
effect of adding experimental noise to the same experimental data set from diastolic–systolic
pressure region is also analyzed for each artery type.

Invasive measurements Pressure range (mm Hg) Number of data points tested

Rabbit carotid artery Fung’s SEF [21] 0–160 10, 11, 17, 33, 16
Rabbit thoracic artery Fung’s SEF [4] 0–180 10, 11, 19, 37, 16
Human carotid artery Delfino’s SEF [21] 0–200 11, 21, 41, 16
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reinforced composite. Layers are modeled with separate SEF
and the neo-Hookean model is used to determine the isotropic
response of each layer. Material parameters and dimensions of
geometry are obtained from rabbit carotid artery [7,24].

3 Results

3.1 In Vivo Validation

3.1.1 Effect of Number of Experimental Data Points. The
accuracy of estimated residual strain parameters and material
parameters for each artery is tested by altering the number of
experimental data points corresponding to the pressure increment
of 20 mm Hg, 10 mm Hg, and 5 mm Hg. The response of altera-
tion in number of unknown parameters is also analyzed by intro-
ducing 10 PM and 11 PM. Table 2 shows results for 10 PM with
increasing number of experimental data points, 10 (9þ 1), 17, and
33 data points, for rabbit carotid artery, where the pressure inter-
val is given as 0–160 mm Hg. Although material parameters
exhibit some level of deviations from results obtained based on
in vitro experiments, due to their high sensitiveness regarding to
the nonlinearity presented in Fung’s SEF, the range of local error
introduced in each material parameter is acceptable. Whereas the
computed residual strain parameters corresponding to each experi-
mental data set demonstrate better agreement. More particularly,
the similar trend, relative error 0–3.4%, is preserved after addition
of another unknown, the axial prestretch into the system (Table
3). In all cases, increase in number of experimental data points
does not really affect the accuracy of results, but still causes slight
improvement in values.

3.1.2 Effect of Experimental Noise. The effect of experimen-
tal noise is analyzed by adding Gaussian noise to experimental
data points obtained from diastolic–systolic pressure range for
each artery in the order of 1 Pa for internal pressure and 0.01 mm
for inner radius. These error ranges correspond to a typical servo-
null micropressure measurement. We also tested the effect of
increased error ranges in the order of 1 mm Hg (133.22 Pa) and
0.1 mm for internal pressure and inner radius, respectively, which
correspond to a large artery cuff pressure measurement scenario.
Table 4 demonstrates a good quantitative agreement in predicting
in vivo residual strain parameters together with material parame-
ters for rabbit thoracic artery based on the same strain energy
formulation.

3.1.3 Parameters of Delfino’s SEF. Computed material
parameters a and b, and residual strain parameters the effective
angle H0, the effective radii Ri, and Ro, and in vivo axial pre-
stretch kz are presented in Table 5. Results show that choice of
appropriate strain energy formulation has an impact on the estima-
tion of parameters. Delfino’s formulation leads to greater local
errors (0.6–7.5%) in each parameter.

3.1.4 Computation of Inner Radius in Unloaded States. In
order to determine residual strains defined as a transformation
from stress-free state into unloaded state(0), unloaded state(1), and
so on, additional parameters inner radii in both unloaded states are
computed for each artery by using extrapolation after determining
all parameters. Table 6 shows that results are consistent with
experimental ones.

Table 2 Numerical values of 10 PM, where material parameters and residual strain parameters are computed using 10, 17, and 33
experimental data points for rabbit carotid artery compared with results based on in vitro experiments. [22] Boldface values
appearing in table are directly cited from Ref. [22].

Material parameters Residual strain parameters

Number of data points c (kPa) b1 b2 b3 b4 b5 b6 H0 (deg) Ri (mm) Ro (mm)

10 27.71 0.9942 0.4126 0.0089 0.0747 0.0227 0.0271 100.0 1.44 1.83
17 26.69 0.9922 0.4509 0.0004 0.0752 0.0181 0.0406 100.0 1.44 1.83
33 27.93 0.9935 0.4297 0.0029 0.0747 0.0280 0.0093 100.0 1.44 1.82
Ref. 26.95 0.9925 0.4180 0.0089 0.0749 0.0295 0.0193 100.0 1.43 1.82

Table 3 Numerical values of constants appearing in 11 PM, where material parameters and residual strain parameters are com-
puted using 10, 17, and 33 experimental data points for rabbit carotid artery compared with results based on in vitro experiments
[22]. Boldface values appearing in table are directly cited from Ref. [22].

Material parameters Residual strain parameters

Number of data points c (kPa) b1 b2 b3 b4 b5 b6 H0 (deg) Ri (mm) Ro (mm) kz

11 27.24 0.9972 0.4418 0.0088 0.0747 0.0202 0.0253 99.9 1.45 1.83 1.71
17 27.29 0.9925 0.4204 0.0000 0.0750 0.0178 0.0409 100.1 1.44 1.83 1.71
33 27.59 0.9938 0.4482 0.0043 0.0747 0.0283 0.0075 100.0 1.44 1.81 1.71
Ref. 26.95 0.9925 0.4180 0.0089 0.0749 0.0295 0.0193 100.0 1.43 1.82 1.70

Table 4 Numerical values of constants appearing in 11 PM, where material parameters and residual strain parameters are com-
puted using 16 experimental data points from the diastolic–systolic pressure range without (DS) and with the addition of Gaussian
noise for rabbit thoracic artery in the order of 1 Pa and 0.01 mm (DSN1) and in the order of 1 mm Hg and 0.1 mm (DSN2) [8]. Bold-
face values appearing in table are directly cited from Ref. [8].

Material parameters Residual strain parameters

Number of data points c (kPa) b1 b2 b3 b4 b5 b6 H0 (deg) Ri (mm) Ro (mm) kz

DS 21.85 1.0921 0.4750 0.0352 0.0921 0.2270 0.0000 71.4 3.93 4.67 1.691
DSN1 24.30 1.0613 0.3791 0.0593 0.0890 0.0000 0.0496 71.4 3.92 4.53 1.691
DSN2 23.41 1.0697 0.4099 0.1207 0.0778 0.0002 0.0346 71.4 3.92 4.54 1.691
Ref. 22.40 1.0672 0.4775 0.0499 0.0903 0.0585 0.0042 71.4 3.92 4.52 1.691
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3.1.5 Residual Stress Distribution. Residual stress distribu-
tions in both unloaded states are plotted for all three arteries
(Figs. 3–5). It can be deduced that the presence of axial prestretch
in unloaded state(1) alters the residual stress distribution signifi-
cantly and resulting in greater global error. Especially, for human
carotid artery, estimated residual stresses significantly differ from
its pairs obtained based on in vitro testing.

3.1.6 Axial Force Equilibrium. Axial force distribution
through the arterial wall is plotted to check the validity of disre-
garding the axial force balance, since the measurement of axial
force requires in vitro interventions. In Fig. 4, reduced axial force
is computed for rabbit carotid artery and human carotid artery
using Fung’s SEF and Delfino’s SEF. Although both plots are
consistent with results obtained based on in vitro measurements,
resulting global error for human carotid is greater because of high
sensitive structure of Delfino’s SEF.

3.2 In Vivo Results

3.2.1 Nonlinear Regression and Parameter Estimation.
Nonlinear least-squares curve fitting analysis is performed on
experimental data sets, which were obtained from physiological
state of swine iliac artery by using in vivo measurement techni-
ques. Table 7 shows computed results for material parameters and
residual strain parameters of swine iliac artery in loading and
unloading states. Except in vivo axial prestretch, all other parame-
ters demonstrate slight variations as expected. Increase in the
material parameter c (kPa) indicates the stiffening of the arterial
wall after subsequent loading steps.

3.2.2 Residual Stress Distribution in Loading and Unloading
States. Inner radii of swine iliac artery in unloaded state(0) and
unloaded state(1) are extrapolated at zero pressure using the
pressure–outer radius relation curves, where the inner radii in
unloaded state(0) and unloaded state(1) were computed as 2.63 mm
and 1.91 mm for loading states, and 3.06 mm and 2.20 mm for
unloading states, respectively.

Residual stresses are estimated in each unloaded state by using
computed material parameters, residual strain parameters, and
inner radius of relevant state. Since soft tissues demonstrate a
viscoelastic mechanical response, residual stress distribution in
loading states and unloading states treated separately. Figure 5
illustrates residual stresses for loading states and unloading states
in the same plot without and with taking the existence of in vivo
axial prestretch within the swine iliac artery into account.

3.3 Remodeled States and Validation With Finite Element
Model. The finite element model allowed the generation of
several synthetic experimental data sets for validation purposes.
To illustrate the utilization of the present technique in a realistic
growth and remodeling scenario, we simulated a remodeled artery
from its baseline material properties. Our baseline model corre-
sponds to the Fung’s artery model [7,24] having an effective
opening angle of 100 deg. This artery is closed from its stress-free
state where residual stress is generated and extended in the axial
direction. Next, the artery is inflated with the specified intramural
pressure levels. The resulting pressure–inner radius data are
extracted from the finite element model and used in our optimiza-
tion formulation as an input. Accurate agreement with the speci-
fied opening angle in the finite element model versus the present
analytical approach is observed.

At this loaded baseline state, the material properties are altered
which corresponds to a remodeled artery in silico. Baseline
material properties are provided in Table 8. Then, the artery is de-
inflated to zero pressure state and shortened to closure state. It is
then cut again to obtain the effective angle at zero-stress state.
The effective angle after remodeling is computed to be 90 deg.
The pressure–radius data for the remodeled case are also used
in our formulation and the remodeled effective angle is also
computed accurately. In addition, the inner and outer radii were
estimated for both cases, which were found within 10% vicinity.
The results of these simulations are tabulated in Table 8. Stress
distribution and geometry at several loading states including base-
line and remodeled cases are presented in Fig. 2.

4 Discussion

Arterial and venous vessel growth is known to be associated
with the level of residual stresses. The rate of growth is hypothe-
sized to depend on the difference between the present stress level
occurring due to the external loading and the homeostatic stresses,
according to the Beloussov’s hyper-restoration (HR) hypothesis
[27]. HR hypothesis have not been fully validated through in vivo
measurements due to the invasive nature of residual stress mea-
surement techniques. Besides these experimental challenges, sev-
eral studies indicate that residual stresses emerge as a result of
elastic deformations occurring to ensure the compatibility of the
growing tissue [28]. Thus, as a part of the total stress distribution,
residual stresses play a significant role in the physiological and
pathological growth process of the vascular system, while they
arise due to the growth itself. This makes residual stresses and the
growth and remodeling mutually interdependent. That is to say,
knowledge of residual stresses can allow the prediction of vessel
growth. This is particularly important for pediatric and fetal car-
diac diseases and in their surgical repairs, since vascular growth
should be incorporated in the therapy or surgical intervention
design [29,30].

During the growth of vascular system, the alteration in material
properties (remodeling) is present while the tissue tries to make
ongoing deformations compatible, so that residual strains and
stresses are generated. Nevertheless, the fundamental mechanism
driving the vascular growth and remodeling is not completely
understood [31]. It is also widely accepted that the level of local
residual stresses induces growth according to the HR hypothesis
as a result of deviation in local stresses due to external loadings
from the homeostatic stress state and noninvasive techniques are
required to track the residual stresses in time. Therefore, this

Table 5 Numerical values of constants appearing in 6 PM,
where material parameters and residual strain parameters are
computed using 11, 21, 41 experimental data points and 16
experimental data points from the diastolic–systolic pressure
range without (DS) and with the addition of Gaussian noise for
human carotid artery based on Delfino’s SEF (DSN) [22]. Bold-
face values appearing in table are directly cited from Ref. [22].

Material parameters Residual strain parameters

Number of
data points a (kPa) b

H0

(deg)
Ri

(mm)
Ro

(mm) kz

11 38.72 18.13 127.1 4.58 5.76 1.08
21 47.15 16.44 130.0 4.43 5.33 1.08
41 39.85 17.58 135.4 4.27 5.40 1.08
DS 40.88 17.04 128.3 4.56 5.46 1.12
DSN 38.67 17.27 126.8 4.65 5.58 1.13
Ref. 44.20 16.70 130.0 4.46 5.36 1.10

Table 6 Numerical values of inner radii in unloaded state(0)

and unloaded state(1) compared with results based on in vitro
experimental results for rabbit carotid artery [22], rabbit tho-
racic artery [8], and human carotid artery [22].

Unloaded state(0) (in situ) Unloaded state(1)

Inner radius, ri (mm) Experimental Computed Experimental Computed

Rabbit carotid artery 0.74 0.73 0.71 0.71
Rabbit thoracic artery 1.38 1.35 1.35 1.37
Human carotid artery 2.96 2.96 3.10 3.15
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paper focused on two aspects: first is the validation of the mathe-
matical approach of computing residual strain parameters together
with material parameters and corresponding residual strain and
stresses with in vitro testing results, and the other is to estimate
residual strains and stresses using experimental data sets obtained
from in vivo measurement techniques.

The different features of the developed theoretical model influ-
ence its special numerical treatment. Naturally, ignoring the

physical constraint in the axial direction may cause the loss of
information about the nonlinear system, where it is compensated
by proper selection of constraints for each of the unknown param-
eters that guaranties the convergence to the physical local minima,
though there are several local minima arising from the noncon-
vexity of present SEF systems. The elegant way of describing the
search interval for each unknown is to consider material parame-
ters as a positive real numbers (0, Inf), the effective angle H0 in

Fig. 3 Residual stress distribution through the arterial wall in unloaded state(0) and unloaded
state(1) in (a) rabbit carotid artery, (b) rabbit thoracic, and (c) human carotid artery, respectively,
compared with experimental results based on in vitro data given in (a) Ref. [22], (b) Ref. [4], and
(c) Ref. [22]
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the interval (0 deg, 180 deg), the axial prestretch kz in the interval
(1.0, 2.0), and the effective radii Ri and Ro in the interval (ri

(LDP),
2 ri

(LDP)) and (ro
(LDP), 2 ro

(LDP)), where ri
(LDP) and ro

(LDP) are the
inner radius and outer radius in the lowest value of diastolic
pressure, respectively. Another important point is the selection of
initial estimates for each unknown, where each initial estimate is
selected arbitrarily in defined intervals. After the first iteration, the
computed parameters are used as the initial estimates for the sec-
ond iteration in order to improve the accuracy of computed
parameters.

One of the main goals of the present study was to validate
proposed mathematical technique by performing subsequent com-
putations in various realistic scenarios. It can be pointed out that
computed results are strongly independent from the number of
experimental data points and addition of Gaussian noise to the
same data sets exhibiting well qualitative agreement with their
in vitro counterparts (Tables 2–5). Figures 3–5 demonstrate
adequate fit of the computed residual stresses with residual
stresses plotted based on parameters obtained from in vitro
measurements.

Fig. 4 Axial force distribution through the arterial wall in (a) rabbit carotid artery and (b) human
carotid artery compared with results (Ref.) based on in vitro experiments [22]

Fig. 5 Residual stress distribution through the arterial wall in unloaded state(0) and unloaded
state(1) in swine iliac artery during the loading (L) and unloading (UL)

Table 7 Numerical values of constants appearing in 11 PM, where material parameters and residual strain parameters are com-
puted using experimental data points from the physiological state of swine iliac artery in loading and unloading states,
respectively.

Material parameters Residual strain parameters

States c (kPa) b1 b2 b3 b4 b5 b6 H0 (deg) Ri (mm) Ro (mm) kz

Loading 16.08 0.0198 0.0645 7.2365 4.9803 0.8747 1.9429 110.1 2.60 3.47 1.22
Unloading 16.93 0.0000 0.0000 7.3053 4.9788 0.7731 1.8210 121.9 2.61 3.64 1.22
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In the case of in vivo estimation of residual strains and stresses,
associated parameters and stress distribution slightly differ for the
loading and unloading states, while computed in vivo axial pre-
stretch values were the same (Table 7). These variations present a
novel message about the viscoelastic mechanical response of soft
tissues demonstrating the pressure dependent remodeling in
two subsequent loading and unloading states occurring during one
cardiac cycle.

For highly curved vessels and three-dimensional patient
specific arteries and veins, a similar analytical formulation can be
derived that includes the vessel curvature. While it may also feasi-
ble to partition the cylindrical vascular tube into several circular
rings each having a finite thickness. This partitioned model can be
analyzed based on a finite element formulation, and residual strain
parameters and material parameters can be computed for each of
the ring domain using the corresponding segmental experimental
pressure–radius (diameter) data points obtained through in vivo
measurement techniques.

In conclusion, it is merely sufficient to have knowledge of
in vivo pressure–radius (diameter) relation in order to estimate
residual strains and stresses in the vascular system. Therewithal, it
should be emphasized that kinematic formulations presented in
this study are based on assumptions of incompressible, homogene-
ous, and cylindrically orthotropic vessel wall, and constitutive
relations do not take into account the mechanical response of each
microstructure elements such as collagen, elastin, and smooth
muscle fibers considering the hyperelastic behavior of whole vas-
cular tissue. However, the proposed mathematical technique does
not restrict the choice of strain energy formulation (as in our finite
element model that includes vessel constituents); contrariwise
microstructure models will introduce physical meanings of mate-
rial parameters such as density and orientation of fibers and other
complexities.

While the pulsatile pressure data can be obtained routinely
through cardiac catheterization procedure for the specific vessel,
the noninvasive pressure measurement techniques are also
advancing and becoming available in clinics as an alternative. For
example, the patient specific pressure pulse wave can be acquired
continuously [32,33] including the pulse-oximetry devices corre-
lating with the pressure waveform or through magnetic resonance
imaging [34]. Although these techniques are still in development
phase, there are several encouraging results acquired with them
[35–38]. Our proposed methodology can be integrated with these
measurement modalities. Noninvasive techniques generally need
a calibration step to estimate the pressure at the specific arterial
vessel. One calibration approach is based on the auscultatory
method, which measures absolute systolic blood pressure and dia-
stolic blood pressure noninvasively. The vessel radii can also be
calculated noninvasively through ultrasound monitoring. Both
flow and pressure data can be gated with electrocardiography and
thus synchronized. We applied this approach to study synchron-
ized flow/pressure waveforms in congenital heart patients [39]. In
summary, clinical data required for our methodology are available
with today’s techniques [31]. In the future, we will implement this

validated technique to the experimental data set acquired in our
laboratory using simultaneous optical coherence tomography [40]
and servo-null pressure measurements of chick embryonic vessels,
particularly embryonic great arteries [41]. This will provide the
time-resolved growth rate of embryonic vessels and relate with
the stress-dependent finite growth models. Another important
application is the in vitro testing of small-sized vessels, which can
be used to validate the present theoretical results further.

5 Conclusion

All known techniques for estimating residual stresses are inva-
sive and to our knowledge present technique is the first noninva-
sive methodology that can compute residual stress parameter
in vivo, using standard clinical measurements. One of the
additional message is that the residual stress distribution changes
dramatically, while in vivo axial prestretch is present. The most
striking point is that instead of performing in vitro experiments to
measure residual strain parameters, it is merely sufficient to use
the cuff pressure, pressure–inner radius data obtained from
diastolic–systolic pressure waveform by noninvasive clinical or
biological measurement techniques, in order to determine residual
strains and stresses. Present technique can allow the prediction of
local vessel growth due to an intended surgical intervention. Once
residual strains and stresses are computed, stress-dependent finite
growth models can be used to analyze the growth of vascular tis-
sue belonging to specific patient. A segmental circumferential
averaged formulation version can also allow the in vivo mapping
of material properties as well as residual stresses along the vessel
axis where properties are variable [42].
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